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1 Introduction
In this paper, we consider Busemann non-positively curved spaces (shortly Busemann spaces).
The term Busemann space was introduced by B. Bowditch in [2], the general geometric infor-
mation on Busemann non-positively curved spaces can be found in [11]. The class of Busemann
spaces contains all CAT (0)-spaces and strongly convex normed spaces.
When X is a complete locally compact CAT (0)-space, its geometry depends badly on
the geometric boundary at infinity ∂∞X and Tits metric Td on it. Busemann’s curvature
non-positivity condition is weaker then Alexandrov’s one. This leads to definite specialties of
the geometry at infinity in Busemann spaces. Firstly, there are two natural approaches for the
definition of the geometric boundary at infinity. In the CAT (0)-case the two approaches gives
the same result, but when X is Busemann space the results can be essentially different. We
are to consider two different ideal boundaries — horofunction (or metric) one and geodesic one.
Secondly, even the two boundaries coincide, there are no natural way to define a metric on
∂∞X with properties of Tits metric.
We propose the following trick that allows using the properties of Tits metric without
the definition of the metric itself. Note that there are two key values of Tits metric on ideal
boundary of CAT (0)-space. The values are π and π/2. Conditions for ideal points ξ, η ∈ ∂∞X
under which inequalities
Td(ξ, η) ≥ π, (1.1)
Td(ξ, η) ≤ π (1.2)
and similar inequalities comparing Tits distance with π/2 hold, can be described geometrically
without using Tits distance. In fact, mentioned inequalities can be considered as the collection
of binary relations on the boundary ∂∞X . Consequently, one can define analogous collection
of binary relations for Busemann space.
Here we introduce a collection of binary relations of type (1.1), (1.2) etc. We prove that
if X is a proper Busemann space, some properties of Tits metric remain true for these binary
relations. We use the notation of type Td(ξ, η) ≤ π to indicate that ideal points ξ, η ∈ ∂gX
satisfy corresponding relation in analogy with CAT (0)-situation. One should not think that
such notation means a comparison of metric function Td with π. The notation Td means only
that the pair (ξ, η) belongs to appropriate subset of ∂gX × ∂gX .
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The paper is structured as follows.
In Section 2, we recall some necessary facts from Busemann non-positively curved spaces
theory. Also we specify definitions of horofunction and geodesic compactifications Xh = X ∪
∂hX and Xg = X ∪ ∂gX . We establish relations between the compactifications.
In Section 3, we introduce the collection of binary relations that generalize comparison the
Tits distance with π on the geodesic boundary of complete locally compact Busemann space.
Here we prove the following two theorems generalizing known properties of Tits distance.
Theorem 3.1. Let X be a proper Busemann space, and ξ, η ∈ ∂gX geodesic ideal points. If
Td(ξ, η) > π, then there exists a geodesic a : R→ X with ends a(−∞) = η and a(+∞) = ξ.
Theorem 3.2. Let X be a proper Busemann space. Given a geodesic a : R→ X with endpoints
η = a(−∞) and ξ = a(+∞) passing throw a(0) = o, the following conditions are equivalent.
1. Td(ξ, η) = π;
2. there exist horofunctions Φ centered in ξ and Ψ centered in η, such that the intersection
of horoballs
HB(Φ, o) ∩HB(Ψ, o) (1.3)
is unbounded;
3. there exists a normed semiplane in X with boundary a.
Here the horoball
HB(Φ, o) = {y ∈ X | Φ(y) ≤ Φ(o)}
is the sublevel set of the horofunction Φ.
In Section 4, the collection of binary relations analogous to comparison of Tits metric
with value π/2 is introduced. These relations are defined as subsets of ∂hX × ∂gX . When
X is CAT (0)-space, the definition agrees with standard interpretation for the inequalities of
type Td ≤ π/2 etc. We also prove two versions of statement generalizing triangle inequality
connecting relations Td(ξ, η) ≤ π with relations Td([Φ], θ) ≤ π/2. Ambiguity of the formulation
for such ”triangle inequality” is a consequence of the relation Td([Φ], θ) ≤ π/2 asymmetry.
There is third possible way to formulate the ”triangle inequality”. Counterexample 4.1 shows
that in general such third version of ”triangle inequality” is wrong.
In Section 5, we apply the relation Td([Φ], θ) ≤ π/2 to study the geometry of horoballs at
infinity. If Φ is a horofunction then corresponding horoball at infinity HB∞(Φ) can be presented
as the set of points ξ ∈ ∂gX such that Td([Φ], ξ) ≤ π/2. We prove that HB∞(Φ) is exactly the
intersection of the boundary ∂gX with the closure HB(Φ, y)g of arbitrary horoball HB(Φ, y)
in geodesic compactification ∂gX . We also prove corresponding statement for horospheres at
infinity in geodesically complete proper Busemann space X . In the case of horospheres the
inclusion
HS∞(Φ) ⊂ HS(Φ, y)g \ HS(Φ, y)
can be exact.
2
2 Busemann spaces and their ideal compactifications
In this section, we recall necessary basic facts from Busemann spaces theory and describe two
constructions of their boundary at infinity. We refer the reader to [5], [6] and [11] for details in
geometry of geodesic spaces and non-positively curved spaces.
Definition 2.1. Let (X, d) be a geodesic space. We use notation |xy| for the distance d(x, y)
between points x, y ∈ X . The segment connecting points x, y ∈ X will be denoted [xy].
The space X is called Busemann space (Busemann non-positively curved space) if for any two
segments [xy] and [x′y′] with corresponding affine parameterizations γ : [a, b]→ X , γ′ : [a′, b′]→
X , the function Dγ,γ′ : [a, b]× [a′, b′]→ R defined by
Dγ,γ′(t, t
′) = |γ(t)γ′(t′)|
is convex. Equivalently, the geodesic space X is Busemann space if for any three points x, y, z ∈
X , the midpoint m between x and y and the midpoint n between x and z satisfy the inequality
|mn| ≤ 1
2
|yz|. (2.1)
Several more statements equivalent to the Definition 2.1 are listed in [11, Chapter 8]. It
follows easily from the definition 2.1 that every Busemann space is contractible and every two
points x, y ∈ X are connected by the unique segment [xy] in X .
Every complete geodesic c : R → X is embedding of the real line R to X . We call the
image c(R) straight line in the space X . The ray is a geodesic c : R+ → X , where R+ = [0,+∞).
The rays c, c′ : R+ → X are called complement if the map a : R→ X defined as a(t) = c(t) for
t ≥ 0 and a(t) = c′(−t) for t ≤ 0 represents a complete geodesic in X .
Simplest examples of Busemann spaces are CAT (0)-spaces and normed spaces with strongly
convex norm.
Definition 2.2. The Haussdorff distance Hd(A,B) between closed subsets A,B ⊂ X is
Hd(A,B) = inf{ε | A ⊂ Oε(B), B ⊂ Oε(A)},
where
Oε(C) = {y ∈ X | dist(y, C) < ε}
denotes the ε-neighbourhood of the set C ⊂ X .
Straight lines a, b ⊂ X are called parallel if their Haussdorff distance is finite:
Hd(a, b) < +∞.
The normed strip in the space X is by definition the subset in X isometric to the strip between
two straight lines in normed plane. Every normed strip is bounded by two parallel straight
lines forming the boundary of the normed strip in X .
Lemma 2.1 (W. Rinow, [12], pp. 432, 463, [2], Lemma 1.1 and remarks). Every two parallel
straight lines in Busemann space X bound the normed strip in X.
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Let X be a proper Busemann space. Then it has two natural constructions of compac-
tification. We call the first compactification Xg geodesic and the second one Xh horofunction
compactification. When X is CAT (0)-space, the two constructions give the same result in the
following sense: the identity map Id : X → X has continuation to a homeomorphism Xh → Xg.
In general Busemann space X the compactifications Xg and Xh can be essentially different.
Now we specify explicit definitions.
Definition 2.3. Let X be a non-compact proper Busemann space. We say that geodesic rays
c, d : R+ → X in X are asymptotic if their Hausdorff distance is finite:
Hd(c(R+), d(R+)) < +∞.
The asymptoticity relation σ is equivalence on the family G(R+, X) of geodesic rays in X . The
factorset ∂gX = G(R+, X)/σ forms the set of geodesic ideal points. Given the ray c : R+ → X
we denote c(+∞) corresponding geodesic ideal point. If x ∈ X and ξ ∈ ∂gX , then [xξ] denotes
the ray from x ∈ X in the class ξ. The ray [xξ] always exists and is unique.
We now define cone topology on the union Xg = X ∪ ∂gX as following. Fix a basepoint
o ∈ X . By definition, the sequence {xi}∞i=1 ⊂ Xg converges to the point x ∈ Xg in the sense of
cone topology if
lim
i→∞
|oxi| = |ox|
and the sequence
ci : [0, |oxi|]→ X (2.2)
of naturally parameterized segments (rays) [oxi] converges to the naturally parameterized seg-
ment (ray) [ox]. Such a topology on the set Xg does not depend on the choice of the basepoint
o. The space Xg with the cone topology is compact. It is called geodesic compactification of
the space X . The set of ideal points ∂gX forms the geodesic ideal boundary.
The cone topology restricted to the boundary ∂gX has the base of neighbourhoods of the
point ξ ∈ ∂gX consisting of open sets
Uξ,K = {η ∈ ∂gX | |cξ(K)cη(K)| < 1}, (2.3)
which are defined for all K > 0. Here cξ, cη : R+ → X are natural parameterizations of rays
cξ = [oξ] and cη = [oη].
From the other hand, given arbitrary non-compact proper metric space (X, d), its horo-
function (metric) compactification is defined as following.
Definition 2.4. Let C(X,R) be the space of continuous function with the topology of uniform
convergence on bounded sets. Denote C∗(X,R) = C(X,R)/{const} a factor-space of C(X,R)
by the subspace of constants. Fix a basepoint o ∈ X and identify every point x ∈ X with
corresponding distance function dx:
dx(y) = d(x, y)− d(o, x).
The correspondence x → {dx + c | c = const} defines the embedding ν : X → C∗(X,R). The
space X is identified with its image ν(X) ∈ C∗(X,R). The horofunction compactification Xh
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is by definition the closure of the image ν(X) in C∗(X,R). The boundary ∂hX = Xh \ X is
called horofunction boundary, the functions forming the boundary ∂hX are called horofunctions.
Every ideal point of the horofunction boundary is a class of horofunctions which differ from
each other by constants.
This constructive approach to the horofunction compactification of the space X is due to
M. Gromov ([7]). The embedding ν : X → C∗(X,R) was introduced also in [9][Ch. 2].
Definition 2.5. Given horofunction Φ on the space X , the horoball corresponding to the point
y ∈ X is by definition the sublevel set
HB(Φ, y) = {x ∈ X | Φ(x) ≤ Φ(y)}. (2.4)
The boundary of the horoball HB(Φ, y)
HS = ∂HB(Φ, y) = {x ∈ X | Φ(x) = Φ(y)} (2.5)
is called horosphere.
When X is a proper Busemann space, the compactifications in definitions 2.3 and 2.4
satisfy the inequality Xg ≤ Xh in the following sense. The identity map IdX : X → X has
continuation to continuous surjection πhg : Xh → Xg. The map πhg can be non-injective (cf.
[3], [4]). In particular, if the point ξ ∈ ∂gX is represented by the ray c : R+ → X such that
c(+∞) = ξ, then its pre-image π−1hg (ξ) contains the class [βc] ∈ ∂hX of the ray Busemann
function βc defined for any y ∈ X by the equality
βc(y) = lim
t→∞
(|c(t)y| − t).
Definition 2.6. The point ξ ∈ ∂gX is called regular, if π−1hg (ξ) is one-point set
π−1hg (ξ) = {[βc]}.
It follows easily from the compactness of the space Xh and Hausdorff property of Xg that
the map πhg is closed: the image of any closed subset in Xh is closed in Xg. As a corollary, the
map πhg satisfies the following ”weak openness” property:
Lemma 2.2. For any point ξ ∈ ∂gX and any neighbourhood U of its pre-image π−1hg (ξ) ⊂ ∂hX
there exists a neighbourhood V of ξ in ∂gX such that
V ⊂ πhg(U).
Proof. The image πhg(∂hX \ U) is closed in ∂gX , hence the set
V = ∂gX \ πhg(∂hX \ U)
is open. This set is desired neighbourhood of ξ.
Remark 2.1. M. Rieffel in [10] introduces the notion of metric compactification for the proper
non-compact metric space (see also [13]). This compactification is equivalent to the horofunction
one described above. The term ”horofunction compactification” was introduced by C. Walsh
in [14].
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3 Tits relations for the value π
From now on the space X will be a non-compact proper Busemann space.
Let rays c, d : R+ → X with common beginning
c(0) = d(0) = o
represent points ξ = c(+∞) and η = d(+∞) in the boundary ∂gX . It follows from Busemann
curvature non-positivity and triangle inequality that the function
δo,ξ,η(t) =
|c(t)d(t)|
2t
is non-decreasing on R+ and bounded from above by 1. Hence it has the limit
δo(ξ, η) = lim
t→+∞
δo,ξ,η(t) ≤ 1.
Lemma 3.1. Let rays c, c′ : R+ → X be asymptotic in the direction ξ ∈ ∂gX and rays d and
d′ : R+ → X be asymptotic in the direction η ∈ ∂gX. Let c(0) = d(0) = o and c′(0) = d′(0) = o′.
Then
δo(ξ, η) = δo′(ξ, η).
Proof. It follows from the metric convexity and asymptoticity of rays that
|c(t)c′(t)|, |d(t)d′(t)| ≤ |oo′|.
Hence the triangle inequality gives
|c(t)d(t)| − 2|oo′| ≤ |c′(t)d′(t)| ≤ |c(t)d(t)|+ 2|oo′|.
For an arbitrary ε > 0 put
T =
|oo′|
ε
.
Then for any t > T the inequality holds∣∣∣∣ |c(t)d(t)|2t −
|c′(t)d′(t)|
2t
∣∣∣∣ < ε.
This proves the claim of the lemma.
Remark 3.1. When X is CAT (0)-space, the inequality
δo(ξ, η) < 1 (3.1)
holds iff the angle between ideal points ξ and η satisfies the inequality
∠(ξ, η) < π.
In that case we have the equality for Tits distance
Td(ξ, η) = ∠(ξ, η).
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The inequality (3.1) has a characterization in terms of quasigeodesics. First recall the
definition.
Definition 3.1. Given numbers a ≥ 1 and b ≥ 0, the map f : X → Y between metric spaces
(X, dX) and (Y, dY ) is called (a, b)-quasi-isometric if for all x, y ∈ X the two-sided inequality
holds
1
a
dX(x, y)− b ≤ dY (f(x), f(y)) ≤ adX(x, y) + b. (3.2)
The subset B ⊂ Y is ε-net in Y with ε > 0, if its ε-neighbourhood Nε(B) contains Y :
Y ⊂ Nε(B). The map f : X → Y is called (a, b)-quasi-isometry, if it is (a, b)-quasi-isometric
and the image f(X) forms ε-net in Y for some ε > 0. The map f is called quasi-isometric (corre-
spondingly quasi-isometry) if it is (a, b)-quasi-isometric (correspondingly (a, b)-quasi-isometry)
for some a ≥ 1 and b ≥ 0. (a, b)-quasigeodesic in the metric space X is (a, b)-quasi-isometric
map f : I → X for some I ⊂ R. We also call (a, b)-quasigeodesic the image f(I) ⊂ X in this
map.
Let two ideal points ξ, η ∈ ∂gX in the proper Busemann space X with basepoint o ∈ X
be given. Consider rays c = [oξ] and d = [o, η] with corresponding natural parameterizations
c, d : R+ → X . We define the map f : R→ X by the equality
f(t) =
{
c(t) when t ≥ 0
d(−t) when t ≤ 0 . (3.3)
Lemma 3.2. Given ideal points ξ, η ∈ ∂gX, the equality δo(ξ, η) = π holds iff for any ε > 0
there exists a number b ≥ 0 such that the map (3.3) is (1 + ε, b)-quasigeodesic in X.
Proof. Necessity. Let δo(ξ, η) = π. Since the rays c and d are geodesic, we need only to verify
the condition (3.2) for arbitrary numbers −s, t ∈ R,−s < 0 < t, that is for points d(s) and
c(t).
From the one hand, the triangle inequality gives |d(s)c(t)| ≤ t+ s, and therefore the right
inequality in (3.2) holds. From the other hand, the condition δo(ξ, η) = 1 means that for any
ε > 0 there exists a number T > 0, such that
|c(t)d(t)| > 2t
1 + ε1
for all t > T , where ε1 satisfies to the equation
1
1 + ε
=
1− ε1
1 + ε1
.
We have for t > T and s ≤ t
|c(t)d(s)| ≥ |c(t)d(t)| − t+ s > 2t
1 + ε1
− (t− s)(1 + ε1)
1 + ε1
=
=
t + s
1 + ε1
− ε1(t− s)
1 + ε1
≥ (t + s)1− ε1
1 + ε1
=
t+ s
1 + ε
.
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Similarly,
|c(t)d(s)| ≥ t+ s
1 + ε
for s > T and t ≤ s.
Since the segment [−T, T ] is compact, there exists a number b1 ≥ 0 such that, if T ≥ t ≥ s,
then
|c(s)d(t)| > s+ t
1 + ε
− b1.
Thus, inequality
|c(s)d(t)| > s+ t
1 + ε
− b1 (3.4)
holds for all t ≥ s. Similar arguments show, that there exists a number b2 such that
|c(s)d(t)| > s+ t
1 + ε
− b2 (3.5)
for all s ≥ t. Take b = max{b1, b2}. Then we receive from inequalities (3.4) and (3.5) demanded
|c(s)d(t)| > s+ t
1 + ε
− b.
Sufficiency. Let δo(ξ, η) < π and ε > 0 be such that
1
1 + ε
> δo,ξ,η.
We claim that there is no b ≥ 0 for which the map f is (1 + ε, b)-quasigeodesic.
Indeed,
|c(t)d(t)| ≤ 2δo,ξ,ηt
for all t ≥ 0. Given b ≥ 0 there exists T > 0 such that
b < 2
(
1
1 + ε
− δo,ξ,η
)
T.
Hence for all t ≥ T
|f(−t)f(t)| ≤ 2t
1 + ε
− b,
contradicting to the left-side inequality in the definition of (1 + ε, b)-quasigeodesic.
Remark 3.2. The statement of the lemma does not mean that the map (3.3) is (1, b)-quasigeodesic
for some b > 0. The simplest counterexample can be constructed as following. Fix a number α,
1 < α < 2. Take the Euclidean plane E2 with coordinates (x, y). The space X is constructed
by deleting from E2 two convex domains bounded by curves x2 = ±|y|α and gluing two Eu-
clidean half-planes to their places. Consider the following curve γ : R → X in X . The image
γ(R) consists of two semiparabolas x2 = |y|α in the half-plane x > 0. The parameterization of
γ is natural. The curve γ satisfies the conditions of the lemma (it connects two ideal points
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with angle distance π). But the computation shows that there is no b > 0 such that γ is
(1, b)-quasigeodesic. To see this, fix b ≥ 0 and consider the function
f(x) = x2−α(x2
α−1
α − 2b).
It is increasing to +∞ when x2α−1α > 2b. Hence there is x0 > 0 satisfying
f(x0) > b
2.
Denote y0 = x
2/α
0 . Then
x20 > 2by0 + b
2
and √
x20 + y
2
0 > y0 + b.
The points A(x0,−y0) and B(x0, y0) belong to γ. The distance between them is 2y0. At the
same time, the length of the path γ from A to B is greater then
2|OA| = 2
√
x20 + y
2
0 > 2y0 + b.
Hence γ is not (1, b)-quasigeodesic.
Next, we apply the notation Td to define five binary relations on ∂gX . The notation
Td(ξ, η) denotes Tits distance between ideal points ξ, η ∈ ∂∞X in CAT (0)-spaces theory. In
our case the notation of type Td(ξ, η) < π is related only for a binary relation, not for any
metric.
Definition 3.2. Let (X, o) be a pointed proper Busemann space. Given arbitrary ideal points
ξ, η ∈ ∂gX we define the following binary relations:
• Td(ξ, η) < π if δo(ξ, η) < π
• Td(ξ, η) ≤ π, if for any neighbourhoods U(ξ) and V (η) of this points in the sense of cone
topology on ∂gX there exist points ξ
′ ∈ U(ξ) and η′ ∈ V (η) with Td(ξ′, η′) < π;
• Td(ξ, η) ≥ π, if Td(ξ, η) < π does not hold;
• Td(ξ, η) > π if Td(ξ, η) ≤ π does not hold;
• Td(ξ, η) = π if Td(ξ, η) ≥ π and Td(ξ, η) ≤ π hold simultaneously.
The definition 3.2 is correlated with the standard definition of Tits metric when X is
CAT (0). Obviously, Td(ξ, η) < π ⇒ Td(ξ, η) ≤ π and Td(ξ, η) > π ⇒ Td(ξ, η) ≥ π. It follows
directly from the definition that
Td(c(−∞), c(+∞) ≥ π
for any geodesic c : R→ X .
Moreover, we have the following lower semicontinuity property of Td-relation with respect
to the cone topology. If a consequence {ξn} ⊂ ∂gX converges in the sense of cone topology to
the point ξ ∈ ∂gX , a consequence {ηn} ⊂ ∂gX converges to the point η ∈ ∂gX , and if for all
n ∈ N we have Td(ξn, ηn) ≤ π, then Td(ξ, η) ≤ π.
Now we study some properties of introduced relations.
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Lemma 3.3. Suppose that Td(ξ, η) < π, c = [oξ] and c′ = [oη]. Let mt be an arbitrary point
of the segment [c(t)c′(t)] where t > 0. Then |omt| → ∞ when t→∞.
Proof. Suppose that there exists a consequence tn →∞ for which distances |omtn | are bounded.
Choose an accumulation point m ∈ X for the family mtn . Such accumulation point does
exist because the space X is proper. The natural parameterizations of segments [mtnc(tn)]
and [mtnc
′(tn)] converge correspondingly to natural parameterizations of rays [mξ] and [mη]
uniformly on bounded domains in R. Since each pair of mentioned segments have opposite
directions in the point mtn , the rays [mξ] and [mη] are complement. A contradiction.
Lemma 3.4. Let c, c′ : R→ X be rays with c(0) = c′(0) = o. Let the intersection of horoballs
HB(βc, o) ∩ HB(βc′, o) is compact. Then
Td(c(+∞), c′(+∞) ≥ π
and there exists a geodesic a : R→ X with a(+∞) = c(+∞) and a(−∞) = c′(+∞).
Proof. Denote
T = inf{t ∈ R+ | HB(βc, c(t)) ∩ HB(βc′, c′(t)) 6= ∅}.
It follows from the horofunctions continuity and compactness of the intersection
HB(βc, o) ∩ HB(βc′, o)
that the set
M(T ) = HB(βc, c(T )) ∩HB(βc′, c′(t))
is non-empty. It contains minimum points of the function max{βc(x), βc′(x)} in the intersection
HB(βc, o) ∩ HB(βc′, o). Choose an arbitrary point m ∈ M(T ). Then rays [mc(+∞)] and
[mc′(+∞) are complement.
Remark 3.3. The intersection of horoballs HB(βc, o) ∩ HB(βc′, o) for complement rays c, c′ :
R+ → X may be compact even under the condition Td(c(+∞), c′(+∞)) = π (cf. example in
[4]). If X is CAT (0), such situation is impossible.
The two following theorems generalize statements 1 and 3 of Proposition 9.11 in [6].
Theorem 3.1. Let X be a proper Busemann space. If Td(ξ, η) > π, then there exists a geodesic
a : R→ X with ends a(−∞) = ξ and a(+∞) = η.
Proof. Suppose that the following two statements hold simultaneously:
A) Td(ξ, η) > π
and
B) the straight line in X with endpoints ξ and η does not exist.
Fix a basepoint o ∈ X , rays c = [oξ] and c′ = [oη] with natural parameterizations
c, c′ : R+ → X and arbitrarily large number K > 0. The condition A) allows to choose the
number K such that
|c(K + t)c′(K)| > K + t+ 1
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Figure 1:
for all t ≥ 0, and consequently
βc(x) > 0 (3.6)
for all x ∈ B(c′(K), 1). Analogously we may assume that
βc′(y) > 0 (3.7)
for all y ∈ B(c(K), 1). Here βc and βc′ are Busemann functions defined within rays c and c′
correspondingly. In such a choice of K we have (3.6) for all x ∈ B(c′(αK), α) and (3.6) for all
y ∈ B(c(αK), α), where α ≥ 1 is arbitrary.
By the curvature non-positivity, there exists a number T > K such that for any t ≥ T
and points a, b ∈ X with |ac(t)|, |bc′(t)| ≤ 2, the following holds. If γa : [0, |oa|]→ X is natural
parameterization of the segment [x0a] and γb : [0, |x0b|]→ X is natural parameterization of the
segment [x0b], then
|c(K)γa(K)| < 1 (3.8)
and
|c′(K)γb(K)| < 1. (3.9)
Take points a′1, b
′
1 ∈ [c(T )c′(T )] on distances 1 from corresponding endpoints c(T ) and
c′(T ):
|c(T )a′1| = |c′(T )b′1| = 1.
It may happen that one of the two points a′1 or b
′
1 belongs to the ray [oξ] or to the ray
[oη] correspondingly. But both equalities
a′1 = c(T − 1)
and
b′1 = c
′(T − 1)
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can not hold simultaneously, because in that case the union of the segment [a′1b
′
1] with rays
[a′1ξ] and [b
′
1η] is a straight line with endpoints ξ and η. If |oa′1| > |ob′1|, then a′1 6= c(T − 1). So
we can assume (after renotation if necessary) that |oa′1| ≥ |ob′1| and a′1 /∈ [oξ]. Denote a1 = a′1
and b1 the point of the segment [b
′
1c
′(T )], on the distance τ1 = |x0a1| from o.
Next, for all natural n ≥ 2 we define points an and bn and numbers τn. For this, consider
the following functions
φn, φ
′
n : [0, |c(nT )c′(nT )|]→ R+.
The values φn(s) and φ
′
n(s) for s ∈ [0, |c(nT )c′(nT )|] are defined as following. Let yn,s ∈
[c(nT )c′(nT )] be the point on the distance s from c(nT ), and zn,s ∈ [oyn,s] be on the distance
T from o. Then φn(s) and φ
′
n(s) are by definition
φn(s) = |c(T )zn,s|,
and
φ′n(s) = |c′(T )zn,s|.
The function φn(s) is continuous, φn(0) = 0 and φn(|c(nT )c′(nT )|) = |c(T )c′(T )|. Simi-
larly, the function φ′n(s) is continuous, φ
′
n(0) = |c(T )c′(T )| and φ′n(|c(nT )c′(nT )|) = 0. Denote
a′n ∈ [c(nT )c′(nT )] the farest point from c(nT ) such that φn(s) ≤ 1 for all s ≤ |c(nT )a′|, and
b′n the farest point from c
′(nT ) such that φ′n(s) ≤ 1 for all s ≥ |c(nT )b′n|. Set
τn = max{|oa′n|, |ob′n|}.
If |oa′n| = τn ≥ |ob′n|, then we redenote an = a′n and denote bn the point of the segment [b′nc′(nT )]
with |obn| = τn. In that case the point an does not belong to the ray [oξ] and
φn(|c(nT )an|) = 1. (3.10)
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From the other hand, if |oa′n| < |ob′n| = τn, then an is the point of the segment [c(nT )a′n]
on the distance τn from o and we redenote bn = b
′
n. In that case the point bn does not belong
to the ray [oη] and
φ′n(|c(nT )bn|) = 1. (3.11)
With such a choice, the points of the segments [oan] and [obn] on the distance T from o
are separated from points c(T ) and c′(T ) correspondingly on the distance not greater then 1.
Moreover, one of the two following possibilities holds necessarily. The consequence an contains
an infinitely many points satisfying the equality (3.10), or the consequence bn contains infinitely
many points satisfying the equality (3.11). For definiteness, assume the first case.
Notice that the values of Busemann functions βc and βc′ are negative in points an and bn
correspondingly:
βc(an), βc′(bn) < 0,
however the values βc′ and βc are positive (cf. (3.6) and (3.7)):
βc′(an), βc(bn) > 0.
Therefore, for each segment [anbn] one can find a point mn where βc(mn) = β
′
c(mn). It
follows from the estimation
|c(nT )c′(nT )| < 2nT = −βc(c(nT ))− βc′(c′(nT ))
that
βc(mn) = βc′(mn) < 0.
Consequently, the point mn belongs to the intersection of the interiors of horoballs:
mn ∈ Int(HB(βc, o)) ∩ Int(HB(βc′, o)). (3.12)
Independently on the choice of the consequence mn with condition (3.12), any such a
consequence {mn}∞n=1 has an accumulation pointm in the compact topological space Xg. There
are two possibilities:
1) there exists a consequence {mn}∞n=1 satisfying the condition (3.12) with accumulation
point in X : m ∈ X ,
or
2) each accumulation point m for any consequence of type {mn}∞n=1 is infinite: m ∈ ∂gX .
In this case all accumulation points for all consequences {mn}∞n=1 where mn ∈ [c(nT )c′(nT )] are
infinite as well. In particular, all accumulation points for consequences {an}∞n=1 and {bn}∞n=1
are infinite.
The first possibility contradicts to the condition B). The proof of this fact is analogous
to that of Lemma 3.3.
We claim that the second possibility contradicts to the condition A).
To prove that, pick out a consequence nk such that a subconsequence of points ank con-
verges in the cone topology to θ ∈ ∂gX and for all k the equality holds
φnk(ank) = 1,
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and subconsequence of points bnk converges in the cone topology to ζ ∈ ∂gX . By the construc-
tion we have θ ∈ Uξ,K and ζ ∈ Uη,K . We will show that rays p = [oθ] and q = [oζ ] satisfy to
the condition
lim
t→∞
|p(t)q(t)|
2t
< 1.
For each n ∈ N the ball B(an, |anmn|) is contained in the horoball HB(βc, o), and the ball
B(bn, |bnmn|) in the horoball HB(βc′ , o). Hence
|anbn| ≤ −βc(an)− βc′(bn).
Consequently, for each t ≤ τn the following holds. If yt ∈ [oan], and zt ∈ [obn] are points
on the distance t from o, then
|ytzt| ≤ −βc(yt)− βc′(zt).
When k →∞, we have in the limit
|p(t)q(t)| ≤ −βc(p(t))− βc′(q(t)).
We estimate the value −βc′(q(t)) by
− βc′(q(t)) ≤ t. (3.13)
Next, estimate the value −βc(p(t)) using the equality (3.10). Put
z = p(T ) = lim
k→∞
znk,|c(nkT )ank |.
For each k ∈ N the point znk,|c(nkT )ank | belongs to the compact intersection of spheres
S(o, T ) ∩ S(c(T ), 1). Consequently
z ∈ S(o, T ) ∩ S(c(T ), 1).
The function −βc when restricted to S(o, T ) ∩ S(c(T ), 1) attains its maximum in the point
w ∈ S(o, T ) ∩ S(c(T ), 1). The maximum value is
−βc(w) = max{−βc(v) | v ∈ S(o, T ) ∩ S(c(T ), 1)} <
< max{−βc(v) | v ∈ S(o, T )} = T
and
−βc(z) < T.
Since the function βc is convex, the inequality holds
− βc(q(t)) < −βc(z)
T
· t (3.14)
for all t > T . Combination of the estimations (3.13) and (3.14) gives the inequality
|p(t)q(t)|
2t
≤
(
1 + −βc(z)
T
)
2
< 1
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for all t > T . Hence
Td(θ, ζ) < π.
Since the number K was chosen arbitrarily, it follows
Td(ξ, η) ≤ π.
A contradiction with the condition A).
Corollary 3.1. Let X be a proper Busemann space. If points ξ, η ∈ ∂gX satisfy to the relation
Td(ξ, η) > π, then there exist their neighbourhoods U(ξ),U(η) ⊂ ∂gX, such that any θ ∈ U(ξ)
and ζ ∈ U(η) are connected by a straight line a : R → X with endpoints a(+∞) = θ and
a(−∞) = ζ.
Proof. By definition of the relation Td(ξ, η) > π there exist neighbourhoods U(ξ),U(η) ⊂ ∂gX ,
such that if θ ∈ U(ξ) and ζ ∈ U(η), then Td(θ, ζ) > π. Hence the claim for points θ and ζ
follows from proven Theorem 3.1.
Lemma 3.5. Let α be strictly convex normed plane and ξ, η ∈ ∂gα be not opposite endpoints of
any straight line in α. Then there does not exist (1, d)-quasigeodesic b : R → X with b(t) → ξ
when t→ +∞, b(t) → η when t→ −∞. Here d ≥ 0 is arbitrary, convergence is meant in the
sense of the cone topology in αg.
Proof. Suppose in contrary that the mentioned quasigeodesic does exist. Without lost of gen-
erality we may assume that the quasigeodesic b : R → α is continuous. In fact, given (1, d)-
quasigeodesic one can obtain continuous (1, d′)-quasigeodesic for some d′ ≥ d by replacing some
its pieces by straight segments with affine parameterizations.
Pick a point o = b(0). It follows from the continuity of the quasigeodesic b that for any
t > 0 there exists τ ∈ R with |ob(τ)| = t. The definition of (1, d)-quasigeodesic gives the
inequality
|t− τ | ≤ d.
Consider points p ∈ [oη] and q ∈ [oξ] on distances |op| = |oq| = 1 from o. The distance |pq| is
|pq| = 2−∆ < 2 (3.15)
for some ∆ > 0. From the other hand, let the numbers τn < 0 and τ
′
n > 0 be such that
|ob(τn)| = |ob(τ ′n)| = n. Set points pn ∈ [ob(τn)] and q ∈ [oτ ′n] on distances |opn| = |oqn| = 1
from o. Then
|pnqn| = 1
n
|b(τn)b(τ ′n)| ≥
1
n
(τ ′n − τn − d) ≥ 2−
3d
n
.
For n > 6d/∆ the inequality holds |pnqn| ≥ 2 − 12∆. Combination with (3.15) contradicts to
the convergence conditions b(t)→ ξ when t→ +∞ and b(t)→ η when t→ −∞.
Definition 3.3. The normed semiplane in the metric space X is by definition the subset in X
isometric to a half-plane in the two-dimensional normed space. When X is Busemann space,
each its normed semiplane is convex subset isometric to a half-plane in normed space with
strongly convex norm. Given isometry i : α¯ → α¯′ ⊂ X , where α¯ is a half-plane bounded by
straight line a in the normed space V 2, we say that the image i(a) bounds the normed semiplane
α¯′ in X . Obviously, i(a) is straight line in X .
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Let a geodesic a bounds a normed semiplane in X . Then it follows from Lemma3.5 that
Td(a(+∞), a(−∞)) = π. The following theorem gives more complicated statement.
Theorem 3.2. Let X be a proper Busemann space. Given a geodesic a : R→ X with endpoints
ξ = a(+∞) and η = a(−∞) passing throw a(0) = o, the following conditions are equivalent.
1. Td(ξ, η) = π;
2. there exist horofunctions Φ centered in ξ and Ψ centered in η, for which the intersection
of horoballs
HB(Φ, o) ∩HB(Ψ, o) (3.16)
is unbounded;
3. a bounds a normed semiplane in X.
Proof. 1 ⇒ 2. Suppose that for any two horofunctions Φ and Ψ centered in ξ and η corre-
spondingly, the intersection (3.16) is bounded. The pre-images π−1hg (ξ) and π
−1
hg (η) are closed in
∂hX , and consequently compact. We claim that all intersections (3.16) are uniformly bounded
in X : they are contained in some ball B(o, R).
Indeed, suppose that there exist consequences
{[Φn]}∞n=1 ⊂ π−1hg (ξ)
and
{[Ψn}∞n=1 ⊂ π−1hg (η),
such that
Φn(o) = Ψn(o) = 0
and
Rn = min{R|HB(Φn, o) ∩ HB(Ψn, o) ⊂ B(o, R)} → ∞.
Using the compactness of the boundary ∂hX we may assume (passing to a subconsequences,
if necessary), that the consequences of horofunctions Φn and Ψn converge to horofunctions Φ
and Ψ correspondingly. They also satisfy conditions πhg([Φ]) = ξ and πhg(Ψ) = η. Let the
consequence {an}∞n=1 ⊂ X satisfies to equality |oan| = Rn and
Φn(an),Ψn(an) ≤ 0.
Then
Φn(x),Ψn(x) ≤ 0.
for all x ∈ [oan]. We may assume that {an}∞n=1 converges to the infinite point θ ∈ ∂gX . In that
case the natural parameterizations of segments [oan] converge to the natural parameterization
of the ray [oθ]: every point x ∈ [oθ] is the limit point of the consequence xn ∈ [oan] with
|oxn| = |ox|. Since Φn(xn),Ψn(xn) ≤ 0, then for any ε > 0 there exists a natural N , such that
the inequalities
Φn(x),Ψn(x) ≤ ε
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hold for all n ≥ N . We have in the limit Φ(x),Ψ(x) ≤ 0. Since x is an arbitrary point of the
ray [oθ], we obtain the contradiction with the boundedness of the intersection (3.16).
Let the number R > 0 be such that for any horofunction Φ in the class [Φ] ∈ π−1hg (ξ) and
Ψ in the class [Ψ] ∈ π−1hg (η) the inclusion holds
HB(Φ, o) ∩HB(Ψ, o) ⊂ B(o, R).
For every [Φ] ∈ ∂hX we consider those a horofunction Φ for which Φ(o) = 0. In such a choice
of horofunctions Φ and Ψ for every x ∈ S(o, 2R) the inequality holds
Φ(x) + Ψ(x) > 0.
The continuous function Φ + Ψ attains its maximum in the sphere S(o, 2R) and the maximal
value is positive. Hence there are neighbourhoods OΨ(Φ) and OΦ(Ψ) in the space C(X,R) such
that f(x) + g(x) > 0 for any f ∈ OΨ(Φ) and g ∈ OΦ(Ψ) and for all x ∈ S(o, 2R). Denote
UΨ(Φ) = p(OΨ(Φ)) ∩ ∂hX and UΦ(Ψ) = p(OΦ(Ψ)) ∩ ∂hX , where p : C(X,R) → C∗(X,R) is a
projection map.
Fix [Φ] ∈ ∂hX and consider a covering of the compact set π−1gh (η) ⊂ ∂hX by open sets of
type UΦ(Ψ) for all [Ψ] ∈ π−1hg (η). Pick a finite subcovering:
π−1gh (η) ⊂
n⋃
i=1
UΦi(Ψi).
Denote
Uη(Φ) =
n⋃
i=1
UΨi(Φi)
and
UΦ(π−1hg (η)) =
n⋃
i=1
UΦi(Ψi).
Now consider the covering of the compact set π−1hg (ξ) by open sets of type Uη(Φ) for all [Φ] ∈
∂hX . Taking its finite subcovering we get an open set
V+ =
N⋃
j=1
Uη(Φj) ⊃ π−1hg (ξ)
and open set
V− =
N⋂
j=1
UΦj (η),
with the following property. If [Θ+] ∈ V+ and [Θ−] ∈ V−, then for all x ∈ S(o, 2R)
Θ+(x) + Θ−(x) > 0.
Consequently,
HB(Θ+, o) ∩ HB(Θ−, o) ⊂ B(o, 2R). (3.17)
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From Lemma 2.2, there exists neighbourhoods U+ ⊂ ∂gX of the point ξ and U− ⊂ ∂gX of the
point η with the following inclusions
U+ ⊂ πhg(V+)
and
U− ⊂ πhg(V−).
Since the map πhg is continuous, we may assume that V± = π−1hg (U±). The horofunction Θ+
attains its minimum in the compact set (3.17) in some point y0. The point y0 belongs to the
boundary of the set (3.17), hence y0 ∈ HS(Θ−, o) and
Θ−(y0) = Θ−(o) = maxΘ−|HB(Θ+,o)∩HB(Θ−,o).
Moreover, y0 is the minimum point for the function Θ+ on HS(Θ−, o), since Θ+(y0) ≤ Θ+(o)
Θ+(q) > Θ+(o) for all q ∈ HB(Θ−, o) \ HBH(Θ+, o). Put θ± = πhg([Θ±]) ∈ ∂gX . Consider
rays [y0θ−] and [y0θ+]. For any point p ∈ [y0θ+] we have the inequality Θ−(p) ≤ Θ−(y0)+ |py0|.
From the other hand, the projection of the point p (the nearest to p point) to the closed convex
set HB(Θ−, o) is y0. Indeed, if z ∈ HB(Θ−, o), then
|pz| ≥ Θ+(z)−Θ+(p) ≥ Θ+(y0)−Θ+(p) = |py0|,
and since any point in X has unique projection to the bounded compact convex subset, hence
the point y0 is namely the projection of p.
Take a point q ∈ [y0θ−]. Denote m the intersection point of the segment [pq] with the
horosphere HS(Θ−, o). We have
|pq| = |pm|+ |mq| ≥ |py0| −Θ−(o) = |py0|+ |y0q| ≥ |pq|.
Now we conclude that m = y0 and rays [y0θ+] and [y0θ−] complement each other up to a
complete geodesic connecting θ− with θ+. This contradicts to the relation Td(ξ, η) ≤ π.
2⇒ 3.
Assume that the intersection (3.16) is not compact. Then its closure in Xg contains
infinite points:
HB(Φ, o) ∩ HB(Ψ, o)g ∩ ∂gX 6= ∅.
Each ray [oθ] with
θ ∈ HB(Φ, o) ∩ HB(Ψ, o)g ∩ ∂gX,
is contained in HB(Φ, o) ∩HB(Ψ, o)g ∩ ∂gX . Moreover, given a point x ∈ X , the intersection
HB(Φ, x) ∩ HB(Ψ, x) is non-compact as well, and
HB(Φ, x) ∩HB(Ψ, x)g ∩ ∂gX = HB(Φ, o) ∩HB(Ψ, o)g ∩ ∂gX.
We assume that Φ(o) = Ψ(o) = 0. Given K > 0 denote NK(a) the K-neighborhood of
the geodesic a. The function |Φ +Ψ| is bounded from above by 2K on NK(a). We claim that
the following statements hold.
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1. The restriction of Φ + Ψ to NK(a) attains its minimum in some point bK ;
2. for any minimum point bK ∈ NK(a) of Φ + Ψ the rays [bKξ] and [bKη] are complement;
3. the function Φ + Ψ is constant on the rays [bKξ] and [bKη];
4. the point bK can be chosen in HB(Φ, o) ∩HB(Ψ, o) ∩ S(o,K) on the distance K from a.
Prove them. Given arbitrary K ′ > K, the function Φ + Ψ attains its minimum in the
compact subset B(o,K ′) ∩NK(a) in some point pK ′. At least one of the two rays [pK ′a(+∞)]
or [pK ′a(−∞)] intersects the interior of the ball B(o,K ′) in the point different from pK ′. For
definiteness, assume that the beginning part of the ray c = [pKa(+∞) passes in the interior
of B(o,K ′). Then Φ + Ψ is constant in [pK ′a(+∞), because (Φ + Ψ)(c(t)) is convex, bounded
from above and non-decreasing at the initial segment [0, t0], which corresponds to the part of
the ray in B(o,K ′). Similarly, Φ + Ψ is constant along the ray [c(t0)a(−∞)]. Consequently,
pK ′ ∈ [c(t0)a(−∞)], and the rays [pK ′a(−∞)] and [pK ′a(+∞)] are complement. The union
a′pK′ = [pK ′a(−∞)] ∪ [pK ′a(+∞)] is the complete geodesic parallel to a.
Since the sum Φ+Ψ is non-increasing on the ray [pK ′θ], we can assume that dist(a, a
′
pK′
) =
K. The geodesic a′pK′ contains the point
bK ∈ a′pK′ ∩HB(Φ, o) ∩ HB(Ψ, o)
and
(Φ + Ψ)(bK) = (Φ + Ψ)(pK ′) = min
x∈B(o,K ′∩NK(a)
(Φ + Ψ)(x)).
For each K > 0 the geodesics a and a′K = [bKa(+∞)] ∪ [bKa(−∞)] bound the normed
strip FK . It follows that the minimum of the value Φ+Ψ in B(o,K ′) ∩NK(a) is the same for
all K ′ > K. Hence, the point bK can be chosen the same for all for all K
′ > K. This proves
all statements 1 – 4 listed above.
Note that the function Φ + Ψ is linear on each segment [obK ] for all K > 0. Hence, if
bK , b
′
K ∈ S(o,K) ∩NK(a) ∩ (HB(Φ, o) ∩HB(Ψ, o),
and νK , ν
′
K : [0, K] → X are the natural parameterizations of the segments [obK ] and [ob′K ]
correspondingly, then
(Φ + Ψ)(νK(t)) = (Φ + Ψ)(ν
′
K(t)
for all t ∈ [0, K]. Let θ ∈ ∂X be the accumulation point for the family bK when K → +∞.
Then
(Φ + Ψ)(c(t)) = (Φ + Ψ)(νK(t))
for all K > 0 and t ∈ [0, K]. Here c : R+ → X (correspondingly, νK : [0, K] → X) is the
natural parameterization of the ray [oθ] (correspondingly, segment [obK ]). By this reason we
may assume that bK = c(K) for all K > 0. Under such assumption, the normed strips FK are
ordered by inclusion: FK1 ⊂ FK2, if K1 ≤ K2. The union
α¯ =
⋃
K>0
FK
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is the required normed semiplane.
3 ⇒ 1. By Definition 3.2, Td(ξ, η) ≥ π. Suppose that Td(ξ, η) > π. Consider a
neighbourhood U+ of the point ξ and a neighbourhood U− of the point η in ∂gX such that any
pair of points in these neighbourhoods are the pair of endpoints for some geodesic in X . Draw
rays [oθ+] and [oθ−] in directions of some ideal points θ± ∈ U± correspondingly differ from ξ
and η in the normed semiplane with boundary a. Let b : R → X be a geodesic in X with
endpoints θ+ and θ−. The projection p◦b of the geodesic b to the normed semiplane α¯ bounded
by a represents (1, d)-quasigeodesic, where d = 2max dist(b, α¯). In fact, the projection p to the
semiplane is a submetry: |p(x)p(y)| ≤ |xy| for all x, y ∈ X . Hence
|(p ◦ b)(s)(p ◦ b)(t)| ≤ |s− t|
for all s, t ∈ R. From the other hand,
|s− t| = |b(s)b(t)| ≤ |b(s)(p ◦ b)(s)|+ |(p ◦ b)(s)(p ◦ b)(t)|+ |(p ◦ b)(t)b(t)| ≤
≤ |(p ◦ b)(s)(p ◦ b)(t)|+ 2max dist(b, α¯),
and consequently
|(p ◦ b)(s)(p ◦ b)(t)| ≥ |s− t| − d.
Notice that the map p ◦ b represents (1, d)-quasigeodesic within the interior metric of the
semiplane α¯. But Lemma 3.5 states that the normed semiplane with strongly convex norm
admits no (1, d)-quasigeodesic with endpoints different from endpoints of its boundary. A
contradiction.
4 Tits relations for the value π/2
Here we introduce similar collection of binary relations corresponding to the angle value π/2.
The following lemma serves as motivation for the Definition 4.1 below.
Lemma 4.1. Let X be a proper CAT (0)-space, ξ, θ ∈ ∂∞X. Given arbitrary points x, y ∈ X
consider rays c = [xξ] and d = [yθ] with natural parameterizations c, d : R+ → X correspond-
ingly. Let βc : X → R be a Busemann function defined by the ray c.
1. The inequality Td(ξ, η) ≤ π/2 holds iff the function βc ◦ d : R+ → R is non-increasing on
R+.
2. The inequality Td(ξ, η) < π/2 holds iff the function βc ◦ d : R+ → R decreases sublinearly,
that is if there exist numbers k < 0 and b ∈ R, such that for all t ∈ R+ the inequality
holds
(βc ◦ d)(t) ≤ kt+ b.
Proof. Firstly, consider the case when x = y. In that case the inequality Td(ξ, η) ≤ π/2 is
equivalent to the condition
|c(s)d(t)|2 ≤ s2 + t2 (4.1)
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for all s, t ≥ 0. Let be Td(ξ, η) ≤ π/2. Fix a number t ≥ 0 and start to enlarge the value s
unboundedly. Then the inequality (4.1) implies
βc(d(t)) = lim
s→+∞
(|c(s)d(t)| − s) ≤ lim
s→+∞
(
√
s2 + t2 − s) = 0.
Hence the function βc◦d is non-positive. It follows from its convexity, that βc◦d is non-increasing
function.
Conversely, if the function βc ◦ d is non-increasing, then βc(d(t)) ≤ 0 for all t ≥ 0. Fix
t0, s0 ≥ 0. Then for any ε > 0 there is S > s0 such that for all s > S the inequality holds
|c(s)d(t)| < s+ ε.
If there exists s1 such that |c(s1)d(t0)| ≤ s1, then we obtain from CAT (0)-inequality for the
triangle △(xc(s1)d(t0))
|c(s0)d(t0)| < s20 + t20.
If we can not find suitable value s1, then for arbitrary s1 > S denote z the point of the
segment [c(s1)d(t0)| with |zc(s1)| = s1. Now it follows from CAT (0)-inequality for the triangle
△(xc(s1)z) and the triangle inequality that
|c(s0)d(t0)| < s20 + t20 + ε.
Since the choice of ε > 0 for values s0, t0 was arbitrary, we have
|c(s0)d(t0)| < s20 + t20.
The values s0 and t0 was also chosen arbitrarily, consequently we have Td(ξ, η) ≤ π/2 for points
ξ, η ∈ ∂∞X .
The inequality Td(ξ, η) < π/2 is equivalent to the condition that there exists a number
λ > 0, with condition
s2 + t2 − |c(s)d(t)|2
2st
> λ (4.2)
for all s, t > 0. The inequality (4.2) is equivalent to
|c(s)d(t)| < √s2 + t2 − 2λst,
and we obtain for fixed t > 0 that
βc(d(t)) = lim
s→∞
(|c(s)d(t)| − s) ≤ −λt.
Finally, in the case x = y the strong inequality Td(ξ, η) < π/2 is equivalent to the following
one
|c(s)d(t)| < kt,
for all s, t > 0, where the number k can be taken as k = −λ/2.
If the points x and y does not coincide, consider the ray d′ with beginning x asymptotic
to d: d′ = [xθ]. It is clear that the function βc ◦d is non-increasing (correspondingly sublinearly
decreasing) iff the function βc ◦ d′ is such. This proves the lemma in the general case.
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Lemma 4.2. Let X be a proper Busemann space and Φ : X → R — horofunction.
1. If for some ray c : R+ → X the function Φ ◦ c is non-increasing, then for any ray
c′ : R+ → X asymptotic to c the function Φ ◦ c′ is non-increasing as well.
2. If for some ray c : R+ → X the function Φ ◦ c decreases sublinearly, then for any ray
c′ : R+ → X asymptotic to c the function Φ ◦ c′ decreases sublinearly on R+ as well.
Proof. Notice that if the function f : R+ → R is convex, it is non-increasing iff it is bounded
from above by the value f(0). The convexity of the horofunction Φ means that its restriction
to any geodesic segment is convex. If the ray c′ is asymptotic to c, then there are estimations
|c(t)c′(t)| ≤ |c(0)c′(0)|
and
Φ(c′(t)) ≤ Φ(c(0)) + |c(0)c′(0)|. (4.3)
Hence, if Φ ◦ c is non-increasing, then Φ ◦ c′ is bounded from above. Obviously, the maximal
value is (Φ ◦ c)(0). Consequently, Φ ◦ c′ is also non-increasing.
Let Φ ◦ c decreases sublinearly:
Φ(c(t)) < kt+ b
for some k < 0 and b ∈ R and for all t ≥ 0. Then it follows from (4.3) that
Φ(c′(t) < kt+ b+ |c(0)c′(0)|,
for all t ≥ 0 and consequently the claim of the lemma is true.
Now we are ready to define the new collection of binary relations. Every one of them
is formally a subset in ∂hX × ∂gX . We use the notation Td again. The notation reflects the
analogy with the Tits metric.
Definition 4.1. Let X be a proper Busemann space. Given ideal points [Φ] ∈ ∂hX and
ξ ∈ ∂gX we define the following binary relations.
1. Td([Φ], ξ) ≤ π/2 if the horofunction Φ is non-increasing on some ray c : R+ → X with
the endpoint c(+∞) = ξ. In this case by the Lemma 4.2 any horofunction Φ′ ∈ [Φ] is
non-increasing on any ray c′ : R+ → X asymptotic to c.
2. Td([Φ], ξ) < π/2 if Φ decreases sublinearly on any ray c : R+ → X with endpoint
c(+∞) = ξ.
3. Td([Φ], ξ) > π/2 if not Td([Φ], ξ) ≤ π/2;
4. Td([Φ], ξ) ≥ π/2 if not Td([Φ], ξ) < π/2;
5. Td([Φ], ξ) = π/2 if Td([Φ], ξ) ≥ π/2 and Td([Φ], ξ) ≤ π/2 simultaneously.
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Geometrically the condition Td([Φ], ξ) > π/2 means that rays in ξ-direction leave any
horoball Φ ≤ const. The statement of the following lemma generalizes to the condition
Td(ξ, η) ≤ π/2 in Busemann spaces the property of low-semicontinuity with respect to the
cone topology, known in CAT (0)-spaces case.
Lemma 4.3. Let the sequence of horofunctions Ψn converges (uniformly on bounded subsets)
to the horofunction Φ and sequence of geodesic ideal points ζn converges in the cone topology to
the point ξ ∈ ∂gX. Let Td([Ψn], ζn) ≤ π/2 for all natural n. Then Td([Φ], ξ) ≤ π/2.
Proof. Fix a basepoint o ∈ X . Let cn, c : R+ → X be natural parameterizations of rays [oζn]
and [oξ] correspondingly. Let numbers t, ε > 0 be arbitrary and N ∈ N be such that for all
n > N the following conditions hold.
1. |Φ(c(t))−Ψn(c(t))| < ε2
and
2. |c(t)cn(t)| < ε2 .
Then
Φ(c(t)) < Ψn(cn(t)) + ε ≤ Ψn(o) + ε = Φ(o) + ε,
because the horofunction Ψn is non-increasing on the ray cn for every natural n. Therefore,
since ε > 0 is arbitrary,
Φ(c(t)) ≤ Φ(c(0)).
Since t > 0 is also arbitrary, the horofunction Φ is bounded: Φ(c(t)) ≤ Φ(c(0)) for all t ∈ R+.
Consequently, Φ is non-increasing function on the ray c and
Td([Φ], ξ) ≤ π
2
.
In cases when geodesic and metric compactifications of the space X coincide, or when
the ideal point η ∈ ∂gX is regular, we will write Td(η, ξ) > π/2 and in the same way another
relations from the Definition 4.1 for the class of Busemann function [βη] ∈ ∂hX which projects to
η. Notice that the relations are not symmetric in general: it is possible to be true Td(η, ξ) > π/2
and Td(ξ, η) < π/2 simultaneously. For example, such pairs of points can be found in every
non Euclidean normed space. Unfortunately, the author does not know, whether the relation
Td(ξ, η) ≤ π/2 implies Td(ξ, η) < π. But there are two versions of ”triangle inequality” for
introduces relations. We formulate them in two following theorems.
Theorem 4.1. Let ξ, η ∈ ∂gX and [Φ] ∈ ∂hX be ideal points such that
Td([Φ], ξ) ≤ π/2 (4.4)
and
Td([Φ], η) ≤ π/2. (4.5)
Then Td(ξ, η) ≤ π.
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Proof. If points ξ and η are not endpoints for a geodesic in X , the claim of the theorem is true
by Theorem 3.1.
Suppose that there exists a geodesic a : R→ X with endpoints a(−∞) = η and a(+∞) =
ξ. The function Φ ◦ a is non-increasing and non-decreasing convex function, therefore it is a
constant. We assume Φ|a = 0. Set o = a(0). Denote θ = πhg([Φ]) and consider a ray c = [oθ]
with natural parameterization c : R+ → X .
For arbitrary K > 0 consider the ray d′K = [c(K)ξ] with natural parameterization d
′
K :
R+ → X . The function Φ ◦ d′K is non-increasing on R+ because of the condition (4.4). But
since |a(t)d′K(t)| ≤ |a(0)d′K(0)| = K for all t > 0, hence
Φ(d′K(t)) ≥ Φ(a(t))−K = Φ(c(K)).
We conclude that both the function Φ and the distance function |a(t)d′K(t)| are constant on
the ray [c(K)ξ]:
Φ(d′K(t)) = −|a(t)d′K(t)| = −K.
Analogously, the function Φ and the distance function |a(−t)d′′K(t)| are constant on the ray
d′′K = [c(K)η] as well:
Φ(d′′K(t)) = −|a(−t)d′′K(t)| = −K.
We show that the rays d′K and d
′′
K complement each other to the complete geodesic dK
parallel to a. For this, consider points d′K(T ) and d
′′
K(T ), where T > 0 is arbitrary and the
midpoint m of the segment [d′K(T )d
′′
K(T )]. We have the following two estimations for the
distance |om|. At first, it follows from the metric convexity in the space X
|om| = |a(0)m| ≤ 1
2
(|a(T )d′K(T )|+ |a(−T )d′′K(−T )| = K.
From the other hand, since the point c(K) is the projection of o to the horoball HB(Φ, c(K)),
then
|om| ≥ |oc(K)| = K.
Consequently |om| = K, m = c(K), and therefore the union dK of rays d′K and d′′K is a complete
geodesic. Since all its points are on the same distance K from a, we obtain that a and dK are
parallel. Denote FK the normed strip between a and dK . It is clear that FK1 ⊂ FK2 when
K1 < K2. Therefore, the union
α¯ =
⋃
K>0
FK
is a normed semiplane in X with boundary a. The relation Td(ξ, η) = π follows now from the
Theorem 3.2.
Theorem 4.2. Let the ideal points [Φ], [Ψ] ∈ ∂hX and the ideal point ζ ∈ ∂gX be such that
Td([Φ], ζ) ≤ π/2 (4.6)
and
Td([Ψ], ζ) ≤ π/2. (4.7)
Let ξ = πhg([Φ]) and η = πhg([Ψ]). Then Td(ξ, η) ≤ π.
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Proof. Suppose that endpoints of some geodesic a : R → X are a(+∞) = ξ and a(−∞) = η.
Denote a(0) = o and b = [oζ ]. By the condition, restrictions of functions Φ and Ψ to b are non-
increasing. Hence the intersection of horoballs HB(Φ, o)∩HB(Ψ, o) is non-compact. Applying
Theorem 3.2, we get that a bounds a normed semiplane in X and Td(ξ, η) = π.
If the geodesic a does not exist, the inequality Td(ξ, η) ≤ π is the corollary of the Theorem
3.1.
A priori one can formulate another version for the triangle inequality:
Td(ξ, ζ) ≤ π/2,Td(ζ, η) ≤ π/2⇒ Td(ξ, η) ≤ π?
The following counterexample shows that the third version of the triangle inequality is not
correct.
Counterexample 4.1. Consider three items α1, α2 and α3 of normed semiplane with coordi-
nates (x1, x2), x2 ≥ 0 and norm ‖(x1, x2)‖ = 4
√
x41 + x
4
2
Glue them to the metric space with interior metric in the following way: the positive
boundary ray x1 of the semiplane α1 is glued to the negative boundary ray −x1 of the semiplane
α2, the positive boundary ray x1 of the semiplane α2 is glued to the negative boundary ray −x1
of the semiplane α3 and finally, the positive boundary ray x1 of the semiplane α3 is glued to
the negative boundary ray −x1 of the semiplane α1. The resulting space X is Busemann space.
Its geodesic and horofunction compactifications coincide: the surjection πhg : Xh → Xg is a
homeomorphism. There are ideal points ξ, η, ζ ∈ ∂gX , such that Td([βξ], ζ) < π/2,Td([βζ ], η) <
π/2, but Td(ξ, η) > π. For example, such points are infinite points of the following rays: the
point ξ on the ray directed by the vector (cos 5pi
6
, sin 5pi
6
) in the semiplane α3, the point ζ on
the ray with directing vector (cos pi
3
, sin pi
3
) in the semiplane α1 and the point η on the ray with
directing vector (cos(5pi
6
+ ε), sin(5pi
6
+ ε)), where
0 < ε < arctan
(
3
3
4
)
− π
3
in the semiplane α1.
5 Horoballs at infinity
Definition 5.1. Let Φ : X → R be a horofunction that generates an ideal point [Φ] ∈ ∂hX .
The horoball at infinity with center [Φ] is by definition a set
HB∞(Φ) =
{
ξ ∈ ∂gX | Td([Φ], ξ) ≤ π
2
}
.
Correspondingly, the set
hb∞(Φ) =
{
ξ ∈ ∂gX | Td([Φ], ξ) < π
2
}
is called open horoball at infinity, and the set
HS∞(Φ) =
{
ξ ∈ ∂gX | Td([Φ], ξ) = π
2
}
is horosphere at infinity with center [Φ].
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Remark 5.1. In general the set hb∞(Φ) is not the interior for HB∞(Φ) in the sense of the cone
topology and HS∞(Φ) is not its boundary. These statements are false even with respect to
Tits metric when X is CAT (0)-space. The reason of such effect is: the closed ball in Tits
metric can be a component of linear connection. In this case it will be open set. For example,
consider the space X obtained by gluing by the boundary ℓ of the Euclidean semiplane α¯ and
Lobachevskii semiplane β¯. For infinite point ξ ∈ ∂∞X on the ray perpendicular to ℓ in the
Euclidean semiplane, the horoball at infinity HB∞(βξ) coincides with the boundary ∂∞(α¯), and
the horosphere at infinity HS∞(βξ) with ∂∞(ℓ). The horoball HB∞(βξ) = ∂∞(α¯) is open set in
Tits metric.
Now we give another description for horoballs and horospheres at infinity in the proper
Busemann space X . Every horoball HB(Φ, y) is a sublevel set (2.4) in X , and the horosphere
HS(Φ, y) is corresponding level set (2.5). When X is contained in Xg with cone topology, all
subsets in X have their closures in Xg.
Lemma 5.1. 1. Let X be a proper Busemann space. Then
HB(Φ, y)g = HB(Φ, y) ∪ HB∞(Φ) (5.1)
2. Let X be a geodesically complete proper Busemann space. Then
HS∞(Φ) ⊂ HS(Φ, y)g \ HS(Φ, y) (5.2)
Proof. 1. From the definition of horoball at infinity, the inclusion ξ ∈ HB∞([Φ]) holds iff
the horofunction Φ is non-increasing at the ray [yξ]. Equivalently, [yξ] ⊂ HB(Φ, y).
Consequently the equality (5.1).
2. It follows from the definition of the horosphere at infinity that the inclusion ξ ∈ HS∞([Φ])
holds iff the horofunction Φ is non-increasing and does not decreases sublinearly on the
ray [yξ]. In that case the ray [yξ] belongs to the horoball HB(Φ, y) but may pass strongly
in the interior of the horoball HB(Φ, y) and be not a subset of HS(Φ, y). We show that
in any case the point ξ belongs to the closure of the horosphere HS(Φ, y) in ∂gX as well.
Let c : R+ → X be the parameterization of the ray [yξ]. Let x ∈ X be a point, such that
Φ(x) > Φ(y). For any t > 0 there exists a point zt in the horosphere HS(Φ, x) with
|ztc(t)| = Φ(zt)− Φ(c(t)) = Φ(x)− Φ(c(t)).
This point zt belongs to the intersection of the horosphere HS(Φ, x) with arbitrary ray
from c(t) in the direction opposite to the ray [c(t)πhg([Φ])]. The value |yzt| ≥ t− |ztc(t)|
is non decreasing when t → ∞, but the difference Φ(x) − Φ(c(t)) increases sublinearly:
for any k > 0 and b ∈ R there exists T = T (k, b) > 0 such that
Φ(x)− Φ(c(t)) < kt + b
for all t > T . Therefore
lim
t→∞
Φ(x)− Φ(c(t))
t
= 0.
26
Any ray with start segment [yzt] passes out of the horoball HB(Φ, y) and its endpoint lays
out of HB∞([Φ]). At the same time, for any cone neighbourhood U of the point ξ there
exists sufficiently large T > 0, such that endpoints of rays with beginning part [yzt] belong
to U for all t > T . This means that U has non empty intersection with the complement
to the closure of the horoball HB(Φ, y) in ∂gX . This proves the inclusion ξ ∈ HS(Φ, y)g.
Remark 5.2. The inverse inclusion to (5.2) can be false. The simplest example is Lobachevskii
space, where all horospheres at infinity are empty but every horosphere of the space has an ac-
cumulation point at infinity — its center. The geodesic completeness condition is essential here:
it is easy to construct the situation when all level sets for a horofunction in non geodesically
complete space are bounded, but the horosphere at infinity is not empty. For example, consider
the horofunction Φ(x, y) = y on the part y ≥ √|x| of the Euclidean plane with coordinates
(x, y)
Remark 5.3. It follows from the Lemma 5.1 that all horoballs as sublevel sets for the horofunc-
tion Φ have the same boundary at infinity
∂∞ (HB(Φ, x))) = HB(Φ, x)g \ HS(Φ, x).
Consequently, the horoball at infinity HB∞([Φ]) can be defined by the equality (5.1). In another
words, the horoball at infinity HB∞(Φ) is the inverse limit for the system of closures HB(Φ, t)g
with inclusions HB(Φ, t1)g ⊂ HB(Φ, t2)g when t1 ≤ t2 under t→ −∞.
The statement of the following theorem is another formulation of the Lemma 4.3 in terms
of horoballs at infinity.
Theorem 5.1. Let the consequence of horofunctions {Φn}∞n=1 converges in compact-open topol-
ogy to the horofunction Φ and the point ξ ∈ ∂gX is the limit of the consequence {ξn}∞n=1 ⊂ ∂gX
in the sense of the cone topology in ∂gX, where
ξn ∈ HB∞(Φn). (5.3)
Then ξ ∈ HB∞(Φ).
Remark 5.4. The claim of the Theorem 5.1 is equivalent the inclusion
lim
n→∞
HB∞(Φn) ⊂ HB∞
(
lim
n→∞
Φn
)
, (5.4)
under the condition that horofunctions Φn converge to the horofunction Φ. Here the limit
limn→∞HB∞(Φn) is the union of accumulation points for all different sequences {ξn}∞n=1, where
ξn ∈ HB∞(Φn), converging in the sense of the cone topology on ∂gX . The example described
in the Remark 5.2 shows that the inclusion (5.4) can be strict.
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